We study the notion of µ-density of metric spaces which was introduced by V. Aseev and D. Trotsenko. Interrelation between µ-density and homogeneous density is established. We also characterize µ-dense spaces as "arcwise" connected metric spaces in which "arcs" are the quasimöbius images of the middle-third Cantor set. Finally, we characterize quasiconformal self-mappings ofṘ n in terms of µ-density.
Introduction
The theory of quasimöbius mappings, originating with the articles by Aseev, Tukia, and Väisälä, includes the theory of quasiconformal mappings as locally quasimöbius embeddings of domains inṘ n ; see [1, 2.6] and [2, 2.6] . The notion of metric density of [1] plays a special role in the theory of quasimöbius mappings. Namely, the distortion function of each quasimöbius mapping given on such a set can be approximated by a power function [1, Theorem 3.2]. Moreover, it was shown in [3, Theorem 4] that every space possessing the above property has to be µ-dense. See also [4, 3.8] and [5, 2.6] for related concepts.
In this paper we study some properties of µ-dense sets in connection with quasiconformal and quasimöbius mappings as well as homogeneously dense sets. Interrelation between µ-density and homogeneous density is established in Lemma 3.1. We give the exact coefficient of metric density of the middle-third Cantor set in Example 3.9. Theorem 4.4 characterizes µ-dense sets as "arcwise" connected metric spaces in which "arcs" are the quasimöbius images of the middle-third Cantor set. Finally, in Theorem 5.4 we characterize quasiconformality in terms of the coefficient of metric density.
Notation and Basic Concepts
2.1. Most of the notations are adopted from [6] . All spaces in this paper are metric and contain no isolated points. They are usually denoted by X or Y . The distance between two points a, b is written as |a − b|. The one-point extension of a space X is the unionẊ = X ∪ {∞} where ∞ / ∈ X. If E ⊂ X is closed and bounded, thenẊ \ E is said to be a neighborhood of ∞. This defines a Hausdorff topology onẊ. If every closed bounded set in X is compact, thenẊ is the one-point compactification of X. If A ⊂ X, then A is the closure of A, C A is the complement X \ A, ∂A is the boundary of A, andȦ is the subspace A ∪ {∞} ofẊ. We let d(A, B) denote the distance between two sets A and B, and let d(A) denote the diameter of A. The open ball {x : |x − x 0 | < r} is written as B(x 0 , r). R n stands for the euclidean space and |a| stands for the euclidean norm of a point a ∈ R n .
2.2. Let a, b, c, d be distinct points inẊ. If the points are in X, their cross ratio τ = |a, b, c, d| is defined as 2.4. Suppose that f : A →Ẏ , A ⊂Ẋ, is an embedding and τ = |a, b, c, d| is a cross ratio of points in A. We let τ denote the image cross ratio |f (a), f (b), f (c), f (d)|. We say that f is quasimöbius or QM if there is a homeomorphism η : [0, ∞) → [0, ∞) such that τ ≤ η(τ ) whenever τ = |a, b, c, d| is a cross ratio of a quadruple of distinct points in A. We also say that f is η-QM. Recall that f is called
Given a triple of distinct points x, a, b ∈ A with |a − x| < |b − x| we let G x (a, b) denote the set {y ∈ X : |a − x| < |y − x| < |b − x|} and call it an annulus. Let H (A) be the collection
If H (A) = ∅, we put Λ 0 (A) = 0. We say that G x (a, b) separates the subsets C and D of X if |c − x| ≤ |a − x| and |b − x| ≤ |d − x| for all c ∈ C and d ∈ D, respectively.
µ-Dense Sets and Homogeneously Dense Sets
In this section we establish a relation between the concepts of µ-density and homogeneous density. The latter was introduced by P. Tukia and J. Väisälä [4] . Using this relation we then characterize µ-density of a set A in terms of an annulus with largest modulus separating the components of A (Corollaries 3.4 and 3.5). [4, 3.8] . A space X is said to be homogeneously dense (or HD) if there are numbers λ 1 , λ 2 such that 0 < λ 1 ≤ λ 2 < 1 and for each pair of points a, b in X there is a point x ∈ X satisfying the condition λ 1 |b − a| ≤ |x − a| ≤ λ 2 |b − a|. This X is also said to be (λ 1 , λ 2 )-HD.
Definition
Following [1], a sequence {x i , i ∈ Z} of points of X, distinct from a, b ∈Ẋ, is called a chain joining the points a and b in X if x i → a as i → −∞ and x i → b as i → +∞. If there exists a real number µ, 1 < µ < ∞, such that | log(|a, x i , x i+1 , b|)| ≤ log µ for all i ∈ Z, then the chain {x i } is said to be a µ-chain.
Definition [1, 3.1]. A space X is called µ-dense (µ > 1) if for each pair of points a, b in X there is a µ-chain {x i } joining the points a and b in X.
We next prove that there is a close connection between the concepts of homogeneous density and µ-density.
Lemma 3.1. Let X be a metric space. If X is (λ 1 , λ 2 )-HD then X is µ-dense with µ = 1 + λ 2 λ 1 (1 − λ 2 ) 2 .
